Abstract. We consider the complex Ginzburg-Landau equation with two pure-power nonlinearities:
Introduction and main results
The complex Ginzburg-Landau equation models various physical phenomena especially in theory of superconductivity and fluid dynamics. A particular Ginzburg-Landau equation can be written:
∂ t A = (1 + iα)∆A + (1 + iβ)|A| 2 A + kA which admit the development of singularities for certain values of parameters (see e.g. [18] , [4] , [16] . However, the introduction of a high-order term with a negative sign, like −(1 + ic)|A| 5 , allows to saturate the explosive instabilities. We refer e.g. [8] and [1] for a more complete physical background.
We are concerned with the study of a generalized Ginzburg-Landau equation    ∂ t u = (a + iα)∆u + (b + iβ)|u| σ1 u − (c + iγ)|u| σ2 + ku, Bu(t, x) = 0, x ∈ ∂Ω, t ≥ 0 u(0, x) = u 0 (x) (gCGL) where B is the identity operator (Dirichlet condition) or B = ∂ ∂n (Neumann condition). We assume a > 0, α, b, β, k ∈ R, σ 1 , σ 2 > 0 and Ω as a domain in R N of class C 2 with ∂Ω bounded. If c = γ = 0, (gCGL) is reduced to the complex Ginzburg-Landau equation, (CGL), equation widely studied under several assumptions on the parameters since the seminal paper [15] ; see also [10] , [11] , [17] and the references therein.
In this paper, we extend some results of global existence of solutions and their stability and also the existence of standing wave solutions in one dimension, previously exposed for the complex Ginzburg-Landau equation in [6] , where only one nonlinear term was present. As mentioned, the introduction of a higher-order term is necessary for more precise physical descriptions. (Neumann condition). It is well known that these operators generate an analytic semi-group (see [9] ). Denoting by A any of these two operators A D or A N , let us introduce the following definition:
(Ω)), T > 0, is called a strong solution of (gCGL) if u(t) ∈ D(A), du dt (t) exists for t ∈ (0, T ), u(0) = u 0 and the differential equation in (gCGL) is satisfied for t ∈ (0, T ).
if N > 2 and for any σ j > 0 if N = 1, 2, then there exists T = T (u 0 ) > 0 such that the problem (gCGL) has a unique solution on [0, T 0 ), and this solution depends continuously of the initial data (see [14] , pag. 54 and 62). Now we have the following result: The existence of standing waves for the complex Ginzbourg-Landau equation remains a largely open problem. Before we proceed, we rewrite the generalized complex Ginzburg-Landau equation in its trigonometric form, following the notations of [5] and [6] :
Then we look for solutions of (gCGL*) in the form u = e iωt φ(x), where φ ∈ H 1 (R) is a solution of the elliptic equation
and let γ j ∈ (−π, π], (j = 1, 2) be the unique solutions of Remark 1.4. We observe that the conditions ω 2 + k 2 = 0 and arg(k − iω) = θ imply ω cos θ + k sin θ = 0. Remark 1.5. In [6] , the uniqueness and stability of bound-states defined on R was studied. The same arguments may be applied in the our framework without any extra difficulty.
We now focus on the stability of the equilibrium solution u ≡ 0, the asymptotic decay of the global solutions of (gCGL) depending on the parameters and the stability of some particular time periodic solutions. First, we have the following result: Theorem 1.6. Assume the hypothesis of the theorem (1.2) and 0 < σ 1 < σ 2 .
L
p stability:
In addition, if k < 0 and b σ2−σ1 σ2
< |k| we have the asymptotic stability and
Assume α/a = β/b = γ/c. Then, the equilibrium point 0 is asymptotically stable in
, Ω is a bounded domain and Finally, we study the stability of some particular time periodic solutions of the generalized complex Ginzburg-Landau equation. Consider the (gCGL) equation on a bounded domain Ω with the Neumann condition on the boundary and assume 0 < σ 1 < σ 2 . Take the ordinary differential equation associated,
which is equivalent, if we set u = u 1 + iu 2 , to the real planar system
and look for periodic solutions. Multiply (1.5) byū and take the real part. We obtain
We consider now the two following cases 1. c = 0 (which corresponds, in particular, to the (CGL) equation) If bk < 0 we see that (1.5) allows a periodic solution with the orbit on the circle |z| = r 0 , r 0 such that br σ1 0 + k = 0 (this is just a consequence of the theorem of Poincaré-Bendixon (see e.g. [13] )). We denote this
In a similar way we get now
and, if bc < 0, the planar system (1.5) has a periodic solution with the orbit on the circle |z| = r 1 with r 1 such that b − cr σ2−σ1 1 = 0. We denote this T 2 -periodic solution by q(t), T 2 > 0.
It is clear that the (gCGL) equation with the Neumann condition on the boundary allows the time periodic solutions P (x, t) ≡ p(t), Q(x, t) ≡ q(t) for all x ∈ Ω. We have now the following result: 
the solution u(t) of (gCGL) with initial data u(0) = u 0 exists on 0 ≤ t < ∞ and there exists a real ω and c > 0 such that
If b > 0 and k < 0, P (x, t) is orbitally unstable: there exists a sequence {u n } ⊂ H 1 and η such that
If b > 0 and c < 0, Q(x, t) is orbitally unstable.
The paper is organized as follows: in Section 2, we prove the global existence result (Theorem 1.2). In Section 3, the construction of bound-states on the real line is made. In Section 4, we study the stability of the trivial solution. Finally, Section 5 is devoted to the stability of periodic solutions.
Proof of the Theorem 1.2
Proof. To prove the global existence of a solution, multiply (gCGL) equation by u, −∆u and |u| σ 2 u, integrate on Ω and take the real part. One obtains
Next, if we multiply (2.3) by γ/α (with α = 0) and add to (2.1) + (2.2), one obtains:
By interpolation we have
and by the well-known Young inequality
and we choose ε such that bε = c (if
with c 2 = c 2 (δ). Next, we estimate
and we take η such that η(|b| + |β|) ≤ a. By interpolation,
and using the Young inequality (with p = σ2 σ2−σ1 , p ′ = σ2 σ1 ) we get
and we choose ρ such that |b|+|β| η ρ ≤ γc α . Finally, notice that ℜ Ω ∆u|u| σ2 u dx ≤ 0. By (2.5), (2.6), (2.7), (2.8) and (2.4) we obtain the conclusion by the Gronwall inequality.
Remark 2.1. The complex Ginzburg-Landau equation on Ω ⊂ R N with the Dirichlet condition,
allows explosive solutions in a finite time, u(t), under the condition that the energy 1
(see [4] , [3] ). This result remains true (with essentially the same proof) for the generalized Ginzburg-Landau equation:
More precisely, we have
(Ω) and u(t) the corresponding maximal solution of (2.9) . If E(u 0 ) < 0 with
then u blows up in a finite time.
Existence of bound-states of (gCGL*)
Proof of Theorem 1.3. We look for solutions φ ∈ H 1 (R) of the elliptic equation (B-S), or in an equivalent form, where d ∈ R and ψ > 0 is the unique solution (up to translations of the origin) of the stationary Schrödinger equation
Note that the existence of the solution ψ follows from the fact that
and f (x 0 ) > 0 (see [2] , Th.5). First, one has
and we note that if ψ is a solution of (3.2), then a direct integration of the equation
It follows from (3.1) that
and so
Hence, writing
From (3.5) we derive
and so ǫ = ± ω 2 + k 2 .
Since ǫ > 0 (see [2] ), we must have d = d + . Finally, the conditions (3.6), (3.7) and η, ζ > 0 are equivalents to (1.2). 2. Now we consider the case χ = −1.
Keeping the same notation, we obtain again the conclusions (3.5), (3.6), and (3.7) assuming the existence of the solution of the stationary Schrödinger equation
with ǫ, η, ζ > 0. Set f (z) = −ǫz + ηz σ1+1 − ζz σ2+1 and take the primitive
It is clear that z 0 := inf{z > 0 : F (z) = 0} > 0 and
which is verified for σ 2 small enough.
Stability of the trivial equilibrium
In this section, we study the stability of the equilibrium solution u ≡ 0 and the asymptotic decay of global solutions of (gCGL) depending on the parameters and the coeficient for the driving term k. Let denote by S(t) the dynamical system associated to (gCGL): S(t)u 0 ≡ u(t; u 0 ), t ≥ 0. 
In addition, we say that u 0 is asymptotically stable if u 0 is stable and there exists η > 0 such that lim t→∞ S(t)u 0 − S(t)y H 1 = 0 for all y ∈ H 1 0 (Ω), u 0 − y H 1 < η. More generally if S(t) denote a a dynamical system on a Banach space H we recall that a Lyapunov function is a continuous function W : H → R such thaṫ
for all u ∈ H. The next lemma is mainly proved in [12] .
Lemma 4.2. Let S(t) be a dynamical system on a Banach space (D, ). Let E a normed space such that D ֒→ E and W a Lyapunov function on D such that
Then, the equilibrium point 0 is E -stable in the sense that
Assume in addition thatẆ
Then, lim t→∞ S(t)u 0 E = 0 for any u 0 ∈ D.
Proof of Theorem 1.6. 1. Let us denote by S(t)u 0 ≡ u(t, u 0 ) the unique global solution of (gCGL) under the hypothesis of the Theorem (1.2) and define
we obtain
Furthermore, by interpolation, one has
and by the Young inequality
Hence, if
we derive thatẆ p (u) ≤ pk u p L p and the conclusion follows from the Lemma 4.2. If p = 2 and Ω is bounded, by the Poincaré inequality, we obtain the same conclusion under the conditions
2. We now define the new functional:
It is clear that V is a continuous real function on H 1 0 (Ω). By interpolation and the Young inequality, we have
and Ω is a bounded domain (4.5)
In addition, for any
where
and, for
for some 0 < t * < t and so (4.6) is true for all t ≥ 0. Hence, the functional V is a Lyapunov function and, under the conditions (4.4), (4.5), we have the stability in H 1 0 (Ω) of the equilibrium solution u ≡ 0. We prove now the asymptotic stability. We have
Next one has the following estimates:
and, if bσ 1 /σ 2 < c and b(σ 2 − σ 1 )/σ 2 < |k|/2, it follows from (4.3)
Finally we remark that
and so, if we assume |b| (σ 1 + 1) < min{c, |k|}, we get
If k < 0, is now clear that the asymptotic stability of u ≡ 0 follows from (4.7) and (4.8), (4.9), (4.10), (4.11), (4.12). With k = 0 and Ω a bounded domain, we estimate
and by the Poincaré inequality,
Since k = 0, it is sufficient to estimate the fifth term in the r.h.s of (4.7) with b > 0. From the estimations (4.8), (4.12) and (4.13) we must require
and we note that this second condition imply the last stability condition in (4.5).
The proof is now complete.
5. Stability of some time periodic solutions of (gCGL).
Consider the (gCGL) equation on a bounded domain Ω with the Neumann condition on the boundary. We study now the stability of some particular time periodic solutions. Le be ϑ(t) a T -periodic solution of the ordinary differential equation
associated to the (gCGL) equation, which is equivalent, if we set u = u 1 + iu 2 , to the planar system (1.6),(1.7).
Proof of Theorem 1.9. First we linearise the (gCGL) equation around the T -periodic solution Θ(x, t) ≡ ϑ(t). We obtain the linear variational equation
where A N = (a + iα)∆ denote the Neumann operator. If we set v = v 1 + iv 2 and ϑ = ϑ 1 + iϑ 2 we have
Notice that B(t) is T -periodic. Now, let R(t, s) the evolution operator for (5.1), i.e.
is the solution of (5.1) with initial data, v(s) = v 0 , and recall that the eigenvalues of the period map, U 0 = R(T, 0), are the characteristic multipliers. Since A N has compact resolvent, U 0 is compact and so, the spectrum σ(U 0 )\{0} is entirely composed by characteristic multipliers. Next, we prove the following result:
The characteristic multipliers of (5.1) are the multipliers of the planar systeṁ
for any λ, eigenvalue of the Neumann operator −A N = −(a + iα)∆. In fact, letR(t, s) be the evolution operator for the planar systemv = B(t)v. By the Floquet representation we havẽ
where C is a constant matrix and P (T ) is an invertible matrix. Then we obtain U 0 = R(T, 0) = e AN TR (T, 0)
= e AN T P (T )e CT P (T ) −1 = P (T )e (AN +C)T P (T )
and so the eigenvalues of U 0 are the eigenvalues of e (AN +C)T , i.e. the characteristic multipliers of (5.1) are the multipliers of (5.4). Denote this multipliers by µ j , (j = 1, 2). It is well known that µ j must meet the condition (see, e.g. [7] )
Tr(−λI + B(t)) (5.5)
We consider now the two cases stated in the theorem:
1. In (gCGL) equation let c = 0 (this corresponds, in particular to the (CGL) equation) and assume bk < 0. Take the T 1 -periodic solution P (x, t) ≡ p(t) for all x ∈ Ω. We obtain, for each λ eigenvalue of −∆ with the Neumann condition, since b|p(t)| σ1 + k = 0 for all t ∈ [0, T 1 ] ( recall that the T 1 -periodic solution p(t) has his orbit in the circle |z| = r 0 , with br σ1 0 + k = 0 ). If b > 0 and if we take λ = λ 0 = 0 (the first eigenvalue of the Neumann operator), it follows that µ 1 µ 2 = exp(−kσ 1 T 1 ) > 1. On the other hand, since the (gCGL) equation is an autonomous system the linear variational equation (5.1) has always 1 as a characteristic multiplier and so the T 1 -periodic solution P (x, t) is unstable (see [14] , Th.8.2.4 ). If b < 0 it is clear that µ 1 µ 2 = exp(−kσ 1 T 1 − 2λT 1 ) < exp(−kσ 1 T 1 ) < 1 for all λ ∈ σ(−A N ), which implies the asymptotic stability of P (x, t) (see [14] , Th.8.2.3 ).
2. Assume now k = 0 and bc < 0. Take the T 2 -periodic solution Q(x, t) ≡ q(t) and recall that q(t) has his orbit in the circle |z| = r 1 , with b − cr 1 T 2 ) < 1 for all λ ∈ σ(−A N ) which proves the the asymptotic stability of Q(x, t).
